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The method of multiple scales is used to analyse the second harmonic resonance of weakly non-
linear progressive waves on the surface of a fluid column in the presence of a magnetic field. The dy-
namical equations governing the second harmonic resonance are obtained. Numerical results are given 
graphically. 

1. Introduction 

The stability of a cylindrical column of fluid (the 
'plasma') with an axial magnetic field has often been in-
vestigated, e.g. [1. 2], Rosenbluth [2] has, in particular, 
shown that when the plasma is confined between con-
ducting walls, the presence of an axial magnetic field can, 
under suitable circumstances, stabilize the pinch. The 
simplest of the so-called pinch configurations consists of 
a cylindrical column of a fluid (the 'plasma'), inside of 
which a uniform axial magnetic field is present while out-
side there is a similar axial field together with a circum-
ferential field falling off as inverse of the radial distance 
from the axis of the cylinder. In the usual arrangements, 
the column of fluid is circled by a concentric conducting 
wall. Configurations of this kind are achieved in the la-
boratory by sending a high current through a fluid col-
umn by means of a discharge. The axial current produc-
es a transverse magnetic which 'pinches' the column of 
fluid into a configuration which is idealized in the de-
scription of the present work. The linear analysis of this 
problem was investigated earlier by Chandrasekhar [3]. 

In recent years, the evolution of wave packets on the 
surface of a fluid column has been investigated. Malik et 
al. [4] investigated the asymptotic behaviour of weakly 
nonlinear dispersive waves on the surface of a self-grav-
itating column by using the method of strained coordi-
nates, while Chhabra and Trehan [5] discussed the effect 
of a uniform magnetic field on the nonlinear conditions 
of stability of a self-gravitating infinite fluid column by 
the method of multiple scales. 

For a hydromagnetic column, a significant feature of 
the analysis is the presence of a second harmonic reso-
nance whereby the usual analysis is not valid in its neigh-
borhood. Various authors studied this type of resonance 

for a self gravitating fluid cylinder, for capillary gravity 
waves on deep water, and for a magnetohydrodynamic 
jet [6-9] , In the present paper, we consider the effects of 
a magnetic field on second harmonic nonlinear interac-
tions. The phenomenon of second harmonic resonance 
occurs when the frequencies and wave numbers of two 
interacting waves satisfy the conditions a>> = 2cü1 and 
k2=2k\. In this case, the fundamental and the second 
harmonic travel with the same phase speed. We obtain 
in this paper the dynamical equations involving the fun-
damental and second harmonics by using the multiple 
scale method used in [10], The analysis of these equa-
tions shows that for certain values of the magnetic field 
the surface of the fluid is unstable. 

2. Basic Equations 

We consider axisymmetric wave motion on the sur-
face of a fluid column whose density is p. Let R0 be the 
radius of the fluid column and /?, that of the encircling 
wall. The superscripts (1) and (2) refer to quantities in-
side and outside of the fluid column, respectively, and 
the magnetic permeability is denoted by fi. We use cy-
lindrical coordinates (r, (p, z). J] (z, t) denotes the eleva-
tion of the free surface from the unperturbed level 
r=R0. The motion is assumed to be irrotational. If u and 
h denote the velocity and magnetic field inside the fluid 
column, respectively, the equations holding at r < R 0 + r i 
are 

= V)u-(u V)h, (2.1) 
dt 
V u = 0 , (2.2) 

V-h(X) = 0, (2.3) 
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and at r>R{)+rj we have 

V • h(2) = 0 . (2.4) 

The velocity field is derived from a potential field (f>, so 
that u = V(p. Then the equation for 0 is 

V2d=0, r<R0+ri. (2.5) 

The unit normal n to the surface is given by 

VF 
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I VF - riz Vit +1 r T ez + , (2.6) 

where F = 0 is the equation of the surface of the fluid col-
umn. The condition that the interface is moving with the 
fluid leads to 

n, -<p7 r\: at r = R0+rj. (2.7) 

The normal of the magnetic field is continuous at the de-
formed surface of the fluid column, so that 

= 0 at r = R0+ rj, (2.8) 

Maß = ,U ! ha hß - - öaß hy h ß-~uaß ny ny 

where öaß is the Kronecker delta. The pressure p can be 
evaluated by the Bernoulli's equation. We obtain 

P = --Pi<t>r: + 0r]-p0, + /(O, 

where/(r) stands for the constant of integration with re-
spect to the space variables. Let H{ and H2 denote the 
strength of the axial magnetic field inside and outside of 
the column, respectively; and let the transverse <p-field 
be 

Htp = H0R0/r . 

The fact that the magnetic field is discontinuous at r=R0 

means that there is a current sheet of strength 

H, - hP) e,n + //ne-

on the surface. Such current sheets are features which oc-
cur when the fluid is assumed to be of infinite electrical 

conductivity as in the present case. Furthermore, in the 
stationary state the continuity of the normal stress across 
the surface of the fluid requires that the constant pressure 
p0 inside the fluid is given by 

H{ (2.10) 

It will be convenient to express Hj and H-, in terms of 

H0: 

//2 = ßiHo • 

An inequality which must hold due to (2.10) is 

\+ßl> ß? . 
All lengths are normalised with respect to the charac-

teristic length RQ, the radius of the undisturbed jet, and 
the magnetic fields to H0. Thus the magnetic fields in-
side and outside the fluid column are expressed as 

= -Vy/ ( i ) 

where ß.J represents the jump across the surface of the 
fluid column, i.e., M= h { 2 ) - . 

At the free surface, the normal stress is continuous: 

" a l p l - n ß l M a ß l = 0 at r = R0 + rj, (2.9) Thus, 

where n a is the unit normal vector given by (2.6), p is 
the pressure, and the force M a ß of magnetic origin is 

Ho 

H0 r " 

V2y/(l) = 0, r < I + T], 

V21//(2) = 0 , 1 +7] < r < R^Rq 

(2.11) 

(2.12) 

To investigate the modulation of a weakly nonlinear 
wave with a narrow band width spectrum we employ the 
method of multiple scales by introducing the variables 

zn = e"z and tn = e"t (n = 0 , 1 , 2 ) , 

and letting 
2 

t7(x,r)= X + (2.13) 
n = I 

2 
<Hz, 0 = 1 £" (pn (Zo.Zl U o , h ) + 0 ( £ 3 ) , (2.14) 

n=1 
2 

V/(i) (z, 0 = 1 en
 V ( n n (Zq, Z, ; f o . ' i ) + O ( e ' ) , 

0 = 1,2) , (2.15) 

where the small parameter e characterizes the steepness 
ratio of the wave. The expansions (2.13) to (2.15) are 
assumed to be uniformly valid for -oo<7<oo and 
0 < f < ° ° . The quantities appearing in (2.1) to (2.5) and 
the boundary conditions (2.7) to (2.9) can now be ex-
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pressed in Maclaurin Series expansions around r= 1. 
Then, we use (2.13) to (2.15) and equate the coefficients 
of equal powers in £ to obtain the linear and successive 
nonlinear partial differential equations of various orders. 
The hierarchy of equation for each order can be derived 
with the knowledge of the solutions for the previous 
order. 

3. Linear Theory 

Substituting the expansions given by (2.13) to (2.15) 
into the field equations (2.1) to (2.5) and boundary con-
ditions (2.7) to (2.9), and equating terms of equal pow-
ers of e on both sides of the equations we obtain the fol-
lowing set of equations and boundary conditions to or-
der £. The zeroth order solution yields 

Inside of the fluid column we have to solve 

Fo0 i = O, 

F o v r ^ o , 

dt0 dz0 

Outside of the fluid column we solve 

vWi2) = o. 

The boundary conditions are 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

T öi//,~ d 7}, 
dr _ 3zo . dzo 1 

3r0 dr 

d0i 

= 0 at r = 1 

dVi 
dtp 

+ a ri\ + a ß dZi 

= 0 at r = l, (3.6) 

(3.7) 

= 0 at r = 1, (3.8) 
o 11 

where 

V2 _ dL + i A. + 3L, 
dr~ r dr dzn 

(3.9) 

and a is the magnetic parameter defined by a = R0H0~/J. 
with the solutions 

77, = A(z\, t\) exp (i 9) + c.c., (3.10) 

<t>\ = - i ~ A(z,,r,)exp(/ 0) + c.c., (3.11) 
k h{k) 

Y\l) =~ißi - ^ M z , , f,) exp (/ 0) + c.c., 
1] (k) 

(3.12) 

= i ßi A (z,, r,) exp (i0) + c. c., (3.13) 
Ai (A:) 

where 

= kzo-tot0. (3.14) 

Here, k and «stand for the wavenumber and the frequen-
cy, respectively. The progressive solutions (3.10) - (3.13) 
lead to the dispersion relation 

D(o),k) = -

a 

kh (k) 

\ _ ß 2 k M t l _ ß 2 k I o ( k ) 
K\(k) 

(3.15) 

- CO 

We now investigate the conditions under which the two 
waves can interact resonantly. For the occurrence of such 
a resonant interaction, it is necessary that (k, co) and 
(n k, n oo) for some integer greater than n = 1 must depend 
upon each other through the dispersion relation (3.15). 
The first resonant wave number kx, corresponding to n = 2 
is given by the equation 

[1 -ß\kx Ka - ß2 k\ /J 

= - M l - / 3 2
2 2 K h - ß? 2k\ Ih], 

'b 
(3.16) 

where 

K = Kq (k\) ; = / o _ O i ) 
" * , ( * , ) ' " /, a , ) ' 

Kh = 
KQ (2k\) 
Kx (2*,) 

/o (2 kQ 
/, (2*,)" 

(3.17) 

The roots of (3.16) can be obtained for various values of 
ßx and ß2 and are shown in Figure 1. 

In order to describe resonant interaction at or in the 
neighborhood of kh we write 

Vi = X (zj, f,) exp (i 6m) + c.c., 
m = 1 

0>m h) (km r) 

(3.18) 

<t>\ = -i X -1 k„ 
• Am (zi, tx) exp (i 0m) + c.c., (3.19) 
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- I A I 
m= I '1 (^m ) 

• / 4 m ( z 1 , r , ) e x p ( i 0 m ) + c.c. , (3.20) 

Vi 
( 2 ) _ 

ßl 1 
Ko( km r) 

/4„, (zi, r,) exp (/' 0 m ) + c.c. , 

where 

- Kn Zo - A)> (3.22) 

(3.23) 

Mhml_ß2k MSrnl 

k2 = 2k{, (02 = 2 0)], and 92 = 2dx. (3.24) 

4. Second Order Solutions 

We now proceed to the second order problem in O (£2). 
With the use of the first order solutions given by (3.18) 
to (3.21), we obtain the equations for the second order 
problem: 

Vk A) (k,„ r) dAm 0 V2 = - ^ z , w m , ,, v I T " 
i l\(km) dz\ 

- 2 1 

exp (/ 9m ) + c .c. . 

172 „ , ( ! )_ OR V Z' A) (̂ W ' ) dA,„ 

^o V? — L km —j—r,—r — 

• exp (/ 9m ) + c.c. , 

(4.1) 

(4.2) 

d ^ l = i ß ^ J ö^L /p >') dA„ 
dt0 d Zo m = 1 I /̂n I\ (k m ) dz. -0 m = 1 L /̂»i 

/ 0 r) I ,0 + e'°'"+c.c., (4.3) 

'7 r(2) = ")R V £ ; 

K\(km) dz, 
V ö ^ 2 ' = 2 ß 2 I *, 

exp (i 9„,) +c.c.. (4.4) 

Equations (4.1) to (4.4) furnish the second order solu-
tions: 

0 2 = 1 ~ 
>'h (k„, r) dA„ 

km l\(km) dz\ 

(3.21) V2 = A X 

Io(km) 

rl\ (km r) I0(kmr) 

(4-5) 

kml\(km) 

dAm 1 70 (/c,„ r) 3A„ 
3zi (om I] (km) 3r, 

+ B„ 

Y{22) = ~ ß 2 l 

km h)(kmr) 
com /, (km ) 

rK1 (/cm r ) Ö/1,,, 

öz, 

e'0"1 + c . c „ (4.6) 

+ C m ^ n J l \e^+c.c., 
Kx (km) 

I An exp( / ' 0 m ) + c . c . . 
m = 1 

The kinematical boundary condition at r = 1 is 

d2(p2 3?7i dr]2 | d(f)7 _ 
3r0 

+ 

(4.7) 

(4.8) 

(4.9) 

When the terms of the form £ 2 e ' 0 1 are considered we ob-
tain 

„ . , dA\ , (Mi 
Dxi(o 1 + B1 k] = —1 + (01 I a —1 

dt 1 dzi 
(4.10) 

+ /\2 A,* i(J0\ {k{ Ia + k2Ih- 1) + c.c., 

where * denotes complex conjugate. Similarly, when 
terms of the form £"V02 are considered we obtain 

D2 i 0)2 + Bi k2 = + (02 lb - -riv2 lb — 
dtx dz 1 

+ /4f /tt>i (2/c] /ü - 1) + c .c . . (4.11) 

The boundary condition for the magnetic potentials at 
r = 1 is 

3z0 

3y/i 
+ 

LL Vi.0 JJ 

3r 

dzi dzo 

n i = 0 . (4.12) 

From (4.12) when the terms of the form £ 2 c ' 0 1 are con-
sidered we obtain 
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0 8 , - 0 2 ) /* , kx + 
ö), 

= ^ L {/c, (/32 + ft l a ) + ß 2 ] + ß l ^ ^ L 

+ A2 A* ik] {4k\ (ß2 AT/, + ß] //,) (4.13) 

+ k[(ß2Ka + ß] Ia) + ß2-ß\). 

Similarly, when the terms of the form e V 0 2 are consid-
ered we obtain 

(ß\-ßi) ik, D, - ß, ki C2 + /3, B2 
(02 

= ^-{k2(ß2Kh + ßlIh) + ß2} + ß] 
k2 dA2 

(Oi 3q 

+ A,2 ik] {2k] (ß2 Ka + ß] Ia) + ß2 - ß}}. (4.14) 

Now, condition (2.9) is 

302 + a rj2 + a ß öy/2 

1 3z0 1 

30, 3 2 0, — ^ + 77, — — 
3/, dr 

dr J ^ dzo J 
3 ? 

+ — a 77f 
2 

(4.15) 

- a 

5A, 3/4, • , , * 
dt] dz] 

dA2 dAi . ,1 
—^ + —— M2 = ' A] q2 , dtj dz,] 

(4.16) 

(4.17) 

where 

<7i = a ) f ( - 3 + 2 / f l / A ) 
2 6), /« u 

>2 ,.2 /o ^ is is \ f]2 ,.2 - a { f t kf (3 - 2 Ka Kh) - ßfkf (3 + 2 Ia Ih) - 3} 

2 A + Ia {(D] - a k } ß h I 4 Kh +2Ih + Ka+Ia+-£-Ih 

+ a I 4A-, K,, + + 1 + 2*, /fc 
P 2 

(4.18) 

Fig. 1. Graphs of and the first resonant wave numbers, <7, 
and as functions of the magnetic field. 

<72 = - 2CO2 IH 

+ 1 ( 2 ^ + l) + I ( / 2 - 3 ) w,2 

+ a ^ { / 3 2
2 ( ^ 2 - 3 ) - A 2 ( / « - 3 ) } 

1 f 5 ^ 1 Y 1 2/3 ^ 1 
. 2 V 3r J 3r dzo ^ 3zo 

{ dz\ drdzo 7 2 ^ dz0 J 1 

Substituting second order solutions into (4.15) and elim-
inating Bm, Cm, and Dm (m= 1,2) using (4.10)-(4.11) 
and (4 .13)- (4 .14) , we obtain dynamical equations for the 
coupled amplitude 

(4.19) 

_ d(Om 

d K m \ 'm 

+ a { f - + ßUm(Kl-\)-ßlkm{ll-\) 

(m = 1 ,2 ) , (4.20) 

/,=/„, I2 = I h , K2 — Kjj. (4.21) 

We have calculated the values of g, and <?2 for various 
values of ßx when ß]=ß2. They are shown in Figure 1. 

5. Steady State Solutions 

We look for solutions of the type 

Am = a m ( ^ ) e i ^ ) , (m = 1,2) (5.1) 

with £ = and A being a real constant. We substi-
tute f rom (5.1) into (4.16) and (4.17). Then, on separa-
tion of real and imaginary parts, (4.16) and (4.17) be-
come 

, a, a-, a] = ——- sin (p , 
«1 

(5.2) 



340 D.-S. Lee • Second Harmonic Resonance on the Surface of Fluid Column 

<P\ 
a2 cos (p 

a, 

(It = — Sill (p . 
a s 

(p 1 = 
Cl\ cos cp 

a? a-, 

where 

(m = 1,2), 

and 

(p = 2(px-(p2. 

Equations (5.2) and (5.4) lead to 

? Oh i „ . Cl\ + —— = EQ! OC\ , 
«1 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 

where E0 is a constant of integration. If a] and a2 have 
the same sign, (5.8) implies that ax and a2 are always 
bounded. However, if a , and c^ have opposite sign, ax 

and a2 may grow with time even though a\-\a2lax\a2 

is bounded. From (5.2)-(5.5) (devide (5.2) by (5.3), (5.4) 
by (5.5), rearrange, add and integrate) we can easily ob-
tain 

? , af a2 cos (p = L (5.9) 

where L is a constant of integration. Equations (5.2), 
(5.8), and (5.9) lead to 

fli ~ + 
L l 

+ 
af af orf a2 ax a2 

= 0 . (5.10) 

It is more convenient to put 1 / 2 a f = E x . Then (5.10) 
along with the substitution reduces to 

1 = 0. E : 2
+ 

(X\ ax a2 

EQ 
2a x 

(5.11) 

In view of the definition of E i>0 , and also from (5.8) 
and (5.9) we must have E]<E0/2a]. Therefore the solu-
tion of (5.10) exists only if 

£T2 > 0 , a , a 2 > 0 , 0 < L2 < 
4 El 

21 a2 a2 

The values of A for which a 2 cq_1 > 0 were calculated for 
various values of ßx and ß2 and are shown in Figs. 2 and 
3. The motion is bounded when A lies within the shaded 
reizion. 

(5.12) 

0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 

Fig. 2. A vs. a, for a ] = a2 . 

-0.5 
1 1.2 1.4 1.6 

a 2 
Fig. 3. A vs. a 2 when = 0.9. 

The solution of (5.11) can be obtained using elliptic 
functions. We write (5.11) as 

ax f dE] 
= ( e 3 - £ 1 ) ( £ , - e 2 ) ( £ 1 - e 1 ) , (5.13) 

8 dq 

where ex<e2<e^. Let 

<?3 = (e3 - e2) s in 2 / . 

Now (5.13) along with (5.14) reduces to 

(5.14) 

«1 «2 dx _ = i (1 - sin2 x)1 1 2 > (5.15) 
2 dr, 
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0.5 
L 2 = & ( - # - ) _ n &< \ afa2 ' L = 0 

KJ 

~ 27 i ' ^ ) 
-0.5 

Ei 
1.2 

Fig. 4. E,-E\ plane for fixed £„; 0 < l } < 
27 af a 2 

where 

| e3 - <?2 

The solution of (5.15) is expressed as 

s i n ^ = s n [ S ; 5] , 

where sn is a Jacobian elliptic function and 

(5.16) 

V «1 C-2 

where tx=et, and et0 corresponds to ^ = 0. Equations 
(5.14) and (5.16) reduce to 

E, = e 3 - (<?3 - e 2 ) s n 2 [ £ ; 5] , (5-17) 

A graphic presentation of the amplitude modulations, 
devoid of the cumbersome elliptic notation is most eas-
ily presented in the phase planes for the individual am-
plitude (Fig. 4) which are easily constructed from (5.11) 
directly. 

The outermost trajectories are those for which L = 0, 
for which the individual phases are constant and the rel-
ative phase is exactly ±1/2 n. The modulation period be-
comes infinite, and the solutions degenerate to their lim-
iting cases of hyperbolic functions. The existence of this 
solution requires very special conditions: namely, if the 
relative phase is ever ±\I2k, then it remains so for all 
time. 

For initial conditions such that 0 < L 2 < 2 / 2 7 
(.Eq/OC2(X2), which corresponds to the inner trajectories 
in Fig. 4, the picture is one of simultaneous amplitude 
and phase modulations. The individual amplitudes can 
never vanish, and the phases are frequency modulated 
about a slightly shifted mean frequency. 

The remaining possibility is for initial conditions such 
that L = ( 4 £ / 2 7 a 2 a 2 ) l / 2 . For nonzero amplitudes this 
requires that cos<p=l, whence the relative phase mod-
ulation vanishes. The trajectories become the single 
points on the abscissae of Fig. 4; that is the amplitude 
modulations vanish entirely. The solutions become 
aj=2E0/3au a2=E0/3a2. 
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